More Integrals involving Trig Functions

In a Nut Shell: General guidelines for integrals involving products of tangent and of
secant depend on whether the powers of tangent and secant are even or odd. Here are
guidelines combinations of m odd, n even and for m even and n odd.

With m an odd integer and n an even integer; i.e.

Example |y = [tan™x sec” x dx

I, = [ tan®x sec? x dx Now let u =tanx du= sec?x dx
So I3 = [u®du whichisa standard integral.
Note: Similar reasoning for the integral: 11, = [ cot™ x csc” x dx

Where let u=cotx, du= -csc® dx

With m an even integer and n an odd integer; i.e.
Example (much harder) I, = | tan™ x sec” x dx
I, = Jtan?x sec®x dx
tan®x = sec?x - 1
l, = J(sec?x - 1) sec? x dx
I, = [(sec®x - sec? x) dx
Next use integration by parts on each of these 2 integrals

First 1 = Jsec® x dx

Next let u = sec x dv = sec?x dx

du = secxtanxdx Vv = tanx

la = [sec®x dx = sec x tan x - [sec x tan? x dx
tan? x = sec’ - 1
-[sec xtan? x dx = -[secx (sec? - 1) dx = -Jsec3x - secx) dx
la = Jsec®xdx = secxtanx - sec3k dx + | sec x) dx
2fsecdx dx = secxtanx + Jsecx)dx or

[sec3x dx = (sec x tan x)/2 + (In |sec x + tanx|)/2 + C




A similar strategy appliesto 1, = | sec® x dx
In this case

u = sec®x dv = sec?x dx
du= 3secixtanxdx Vv = tanx

So [sec®xdx = sec®x tanx - 3 ]sec®x tan? x dx

Now 3 [secdxtan?xdx = 3[sec®xdx -3 [sec?xdx

Or [sec®xdx = sec®x tanx -3 [sec’x dx +3[sec®xdx
4fsec® x dx = sec®x tanx + 3 Jsec® x dx

So [sec®xdx = (sec®x tanx)/4 +(3/4)]secd x dx

Another Example | = | tan®x sec® x dx
| = [tanxtan?x sec®x dx Use tan?x = sec®x - 1 and rearrange,

| = J(sec?x—1)sec?x (tan x sec X) dx

| = [sec*x—sec?x) tan x sec x dx

[ (sec* x — sec? x) d(sec x)

| =(sec®x)/5—(sec®x)/3 + C




