Lines and Planes in Space

In a Nut Shell: There are three types of lines in space. Those that are parallel, those
that intersect, and those that are skew (neither parallel nor intersect). The equation of
a line in space is found by vector addition.

Strategy: Let r = <Xx,Yy,z> be avector from the origin, O, to an arbitrary point
P(x,y,z)onaline, L, inspace. (Figure below) Let ro = <Xo, Yo, Zo > be a vector
from the origin to the point Po (Xo, Yo, Zo) on the same line, L. Let V be a vector
<a, b,c> parallel tothe line L. Let t be a constant parameter.

Now let tV be avector along (or parallel to line L) such that

tV = tai + tbj + tckisthevector from ro to r.
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Then by vector addition: (Key step in determining the equation for the line)

r =ro + tv ( This is the equation of the line in vector form. )

Equation of the line, L, inscalar form: x = Xo + at, y = yo + bt, z = z, + ct
The equation of the line, L, in “symmetric” form is obtained from the scalar form by
solving for t. The result is:

[X -x]/a = [y -yo]/b = [z -z0]J/c = t




Example: Determine whether the two lines L; and L, are parallel.

Li x=6+2t y=5+2 z=7+ 3t
L, x=7+3,y=5+3s, z=10 + 5s
Note the lines in “symmetric” form are:
x-6)2 = (y-5/12 = -713 =t
and (x-7/3 = (y-5/3 =(z-10/5 =s
So, the vector parallel toline L; is Vi =2i+2j+ 3Kk

and the vector parallel toline L, is V2 =3 i+3j+5Kk

Since Vi is nota multiple of V. |, these vectors and the lines are not parallel. (result)

Next determine if the lines L; and L, skew or intersecting.

If the lines intersect, then they must have a common point at the point of intersection.
If that is not the case, then the lines are skew.

So assume that the two lines intersect. Then:

X=6+2t = 7+ 3s eq (1)
y=5+2t = 5+ 3s eq (2)
z=7+3 =10 + 5s eq (3)

Subtract (2) from (3). Theresultis: 2 +t= 5+ 2s ort=3 + 25
So 2t = 6 + 4s. Putthis into (2) and solve for s.
5+6+4s5 =5+ 35, or s =-6
Then put this result into t = 3+ 2s whichyields t = -9
Now determine if these values of s and t satisfy eq (1).
6 + 2(-9) =? 7 + 3(-6) which does not hold!

Sothelines L; and L, do not intersect. Therefore they are skew. (result)

PLANES

In a Nut Shell: The equation of a plane is found by taking the dot product of any line
in the plane with its normal vector, n . The result is that the dot product is zero since the
normal vector is perpendicular to the arbitrary line in the plane.




Strategy: Let r = <X,y,z> be a vector from the origin, O, to an arbitrary point
P(x,y,z) in the plane. Let ro = <Xo, Yo, Zo > be a vector from the origin to the point
Po(Xo, Yo, Zo) also in the plane. So the vector r - r, is a vector within the plane to

be determined. Let <i, j, k> be unit vectors along the X, Yy, and z axes.

The dot product of the vector r - r, with the normal vector n (n is normal to
every line in the plane) must equal zero since the vectors are perpendicular to each other.

(r -ro)>m =0
If n=ai+ bj + ck, then the equation of the plane has the following form:

(X -X)a+ (y-Y)b+(z-2)c=0

Note: The normal to a plane can be determined by taking the cross product of any
two non-parallel lines (vectors) in the plane.

Further note: The angle between any two intersecting planes can be determined by
finding the normal to each plane, say ni and n., and then by finding the dot product
of these two vectors. Let 6 be the angle between n; and n;

cos O = ni-mp/ |Nni| | N2 |

Example: Determine the equation of the plane that passes through the origin, O,

and contains the points P(1, 1, 1) and Q(Z, -1, 3) .

Strategy: Determine the normal vector to the plane and form the dot product between

this vector and an arbitrary vector in the plane.




Let ro = OP be a vector from the origin to pointP. So OP =i + j + Kk
Let OQ be a vector from the origin to pointP. So OQ =i -j + 3K
Since both vectors OP and OQ are vectors in the plane, the cross product yields the

normal vector, n.
n = OP x OQ (vector cross product)

i j k
n = det 1 1 1 where det denotes the 3x3 determinant
1 -1 3

iB+1)-jB-1+k(-1-1) = 4i -2j 2k
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Also let r be a vector to an arbitrary point (X, y, z) in the plane.
Sor = xXi+yj+zk

So r-rn=ix-1)-jy-1)+k (z-1)

Note: r - ro isavectorin the desired plane.

and therefore, n and r - r, are perpendicular to each other so the dot product is zero.
n-(r-r) =0=4x-1) - 2(y-1)- 2(z-1)

or 2(x-1) - (y=-1)- (z-1) =0

2x -y-z=20 (result for equation of the plane)




