Dirichlet Applications - Heat Conduction in a Plate

In a Nut Shell: The governing equation for heat conduction in a plate is:

ou/ot = k [0%u/ox?+ 0%u/oy?] 1)
where u = u(x,y,t) = the temperature in the plate at any time t
X,y = the location in the plate
t = the time at which the temperature at x is u(x,y,t)
and k is the thermal diffusivity of the material

The desired outcome is to predict the temperature distribution, u(x,y,t), in the plate
as a function of time, t.

For steady-state heat conduction, du/ot = 0. So the steady-state temperature

distribution in the plate is governed by Laplace’s equation:
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Strategy: Use the method of separation of variables to solve (2) subject to the
boundary conditions.

Consider a thin plate with dimensions (a by b) shown below. The objective is to find
the steady state temperature distribution given boundary conditions on each edge of
the plate.

Steady-state Temperature Distribution in a Thin Plate

u = u(x,y) = temperature distribution
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A complicated case exists when each edge has a nonhomogeneous boundary
condition. i.e. u(x,0) =fi(x), u(x,b) = f(x) (0<x<a) and
u(0,y) = ga(y), u(@y)= g2(y) (0< y<b) Seethe figure below.

General Boundary Conditions for
Steady-state Temperature Distribution in a Thin Plate
u = u(x,y) = temperature distribution
y
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In each case the equation for steady state heat conductionis uxx + uy = 0 .

Strategy: Split the original problem into four problems each with one nonhomogeneous
boundary condition as in the table below. Then use separation of variables for each
problem. The sum of the four solutions is then the solution of the original problem.

Prob 1: u(0y) = u(ay) = 0 u(x,b) = 0, u(x,0) = fi(x) Solution: ui(x,y)

Prob2: u(0y) = 0, u(ay) = go(y), u(x,0) = u(x,p) = 0 Solution: uz(Xx,y)

Prob 3: u(0,y) = gi(y), u(@y) = 0, u(x,0) = u(x,b) = 0 Solution: us(x,y)

Prob 4. u(x,0) = 0, u(x,b) = f2(x) u(0,y) = u(ay) = 0 Solution: us(X,y)

The general solution, u(x,y), for this complicated case is then:

u(xy) = u(xy) + u(xy) + us(xy) + ua(xy)

In a Nut Shell: The typical heat conduction problem involves finding the steady-state
temperature distribution in the plate subject to specified boundary conditions on each edge
of the plate. The various boundary conditions include:




The edges of the plate have specified temperatures. In that case:
u(0y) =fi(y), u(ay) = fa(y) = prescribed temperature at edges x =0and x =a

u(x,0) =hy(x), u(x,b) = hy(x) = prescribed temperature at edges y=0andy=hb

The edges of the plate might be insulated. In that case:

ux(0,y) = 0, ux(ay) =0 insulated edgesat x = 0 and x

]
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Uy(x,0) = 0, uy(x,b) =0

1
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insulated edges at y

0 and y

Note: The actual boundary conditions might involve any combination of these b.c’s.
However, you always need to have a total of four boundary conditions since the
governing equation, uxx + Uy = 0, has second derivatives in both x and .

The heat conduction equation involves two independent variables, x and y.
Strategy: Use “separation of variables” to separate out the spatial variables, x and vy.

Assume  u(x,y) = X(x) Y(y) (3)
Put this expression into  uxx + uy = 0, eq (2), and take derivatives.

XY +XY” =0

Next, separate the variables. (division by XY)

- X”’/X = Y’’/Y = separation constant = A
So X’ +AX =0
and Y’ - LAY =0

Note: The separation constant, A, can take on three possible cases -- such as
A=0,A>0, and A < 0. You need to evaluate each case.

Example: Solve for the steady state heat conduction in a plate (a by b) with edges x = 0
and X = a insulated.

Let the temperature along the edge, y = 0, be u(x, 0) = 0 and the temperature
distribution along the edge,y = b, is u(x, b) = f(x). See the figure below.

So U + Uy = 0 (eq. 1)
uX(O! y) = uX(a! y) = O

ux,0) = 0 and u(x, b) = f(x)




Example
Steady-state Temperature Distribution in a Thin Plate

u = u(xy) = temperature distribution
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Strategy: Separate the variables by assuming u(x,y) = X(X)Y(y), by putting this expression
into eqg. 1 above, and by dividing by XY.

-X /X = Y /Y = separation constant = A
So X7 +AX =0
and Y7 -LAY =0

The separation constant, A, can take on three possible cases -- such as
A=0,A>0, and A < 0. You need to evaluate each case.

Next consider each case for the separation constant, A, individually. Recall that the

three casesare: A = 0, A > 0, and A < 0.

Note: The boundary conditions at edges of the plate (x = 0 and x = a) are homogeneous.
X’(0) = X’(@) = 0

Strategy: Determine the eigenvalues and related eigenfunctions for the eigenvalue problem
with homogeneous boundary conditions.

Start with the equation - X7/X =\




ForCasel: A =0 X7=0, Xx) = Ax + B, X’x) = A
So X’0) =0=A and therefore X(x) = B, Xo(X) = 1

The eigenvalue Ao = 0 and the associated eigenfunction is Xo(x) = 1

ForCase2: A >0 A=0? X7 +0>X=0
X(x) = Acosoax + Bsin ax
X’(x) = - Aasin ax + Bocos ox
X’0) =0 = Ba, sincea #0, B=20
X’(@) = 0= -Aasinao and o # 0 with A # 0 for a nontrivial solution

Thus sinaoc = 0, so ao. =nt n = 1,2,3,...

The eigenvalues are A, = an? = (nm/a)?> with eigenfunctions Xn(x) = cos (nmx/a)

ForCase3 L <0 A=-0> X’-02X=0
X(x) = A coshax + Bsinh ax
X’(x) = Aasinh ox + Ba cosh ax
X’(0) =0 =Ba, since a #0, B=10 and X(x) = A cosh ox
X’(@) = 0 = Aasinhao and since sinhaocand a # 0, A =0
which yields the trivial solution for Case 3.

Therefore there are no eigenvalues nor eigenvectors for this case.

Next continue with the solution for Yn(y) . Strategy: Use the eigenvalues already determined.

ForCasel A =0 Y’(y) =0

1
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Y(y) = Ay + B and Y(0) = 0

So for Xo =0 Yo(y) =

I
<

Now for Case2 A, =an? = (nm/a)> Y (y) - (nm/a)’Y(y) = 0
with the general solution ~ Y(y) = A cosh (nmy/a) + B sinh(nmy/a)

Now with Y(0) = 0 = A, Yu(y) = sinh(nmy/a)




Result: The set of eigenvalues and eigenfunctions for cases 1 and 2 are:

=0 Xo=1, Yo=, A = (nm/a)?, Xn = cos(nmx/a), Yn = sinh(nmy/a)

Strategy: Sum the "product” solutions:  u(x,y) = uo(X,y) + Y un(X,y)

where Uo(x,y) = XoYo = ()(y) =y
and Un(X,¥) = XnYn = cos(nmx/a) sinh(nmy/a)
0
So u(X,y) = by + Y by sinh(nmy/a) cos(nnx/a)
n=1

Next satisfy the temperature distribution, f(x), alongy = b

o0
So u(X,y) = by + Y bn sinh(nmy/a) cos(nmx/a) ------------------- @
n=1

The temperature distribution along y =0 is u(x,b) = f(x).

0
So u(x,b) = f(x) = bob + Y bnsinh(nmb/a) cos(nnx/a) --------- 2
n=1

Strategy: Represent f(x) with a Fourier cosine series as follows:
(Since the x-dependence of u(x, y) depends on cos(nnx/a) )
0

f(X) = a2 + Y ancos(nmx/a) ---------m-mmmmmmmmmmememeee 3)
n=1

Strategy: Determine b, and b, by comparing coefficients between (2) and (3).

bo b a/2 and bysinh(nmb/a) = a,

So b, = a/2b and b, = a,/sinh(nmb/a)




Thus the solution for the steady state temperature distribution in the plate is:
0
u(x,y) = aoy/2b + Y an[sinh(nmy/a) / sinh(ntb/a] cos(nmx/a)
n=1

where

a a
an = (2/a) | f(x) cos(nnx/a)dx  and  ap = (2/a) [ f(x)dx
0 0

Heat Conduction in a Circular or Semi-Circular Plate

In a Nut Shell: The governing equation for heat conduction in a circular or
semi-circular plate is:

oulot = k [P/or+ (1/r) du/lor + (1/12) 82u/06°] 1)

where u = u(r,0,t) = the temperature in the plate at any time t
r,0 = the location in the plate
t = the time at which the temperature at x is u(r,0,t)
and
k is the thermal diffusivity of the material

When applied to a plate, the desired outcome is to predict the temperature
distribution, u(r,0,t), in the plate as a function of time.

For steady-state heat conduction, du/dt = 0. So the steady-state temperature

distribution in the plate is governed by Laplace’s equation:

82u/r2+ (1/r) du/ér + (1/r2) 02u/602= 0 )

Use the method of separation of variables to solve (2) subject to the boundary conditions.

Consider a thin semi-circular plate of radius a shown below. The objective is to find

the steady state temperature distribution given boundary conditions on the boundary of

the plate.




Steady-state Temperature Distribution in a
Thin Semi-circular Plate

u = u(r,0) = temperature distribution
y
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The typical heat conduction problem involves finding the steady-state temperature
distribution in the semi-circular plate subject to specified boundary conditions on

each edge of the plate. The various boundary conditions include:

u(a,0) =1(0), u(,0) = u(rm) = 0
u(a,0) =1(0), ue(r,0) = up(r,m) = 0
u(a,0) =1(0), u0) = w(r,m) = 0

u(a,0) =1(0), wu (r,0) = u(r,m) = 0

here u(a,0) = f(0) is prescribed temperatureon r = a

In addition the for continuity a finite temperature must exist at r = 0 for any 0 .

Since the heat conduction equation involves two independent variables, x and y,

“separation of variables” is needed to separate out the spatial variables, x and y.

Assume  u(r,0) = R(r) 6(6) 3)
Put this expression into eq (2) and take derivatives.

R”0 + (UR'O + (I/ARO” =0




Next, separate the variables. (division by XY)

(r’R" + rR')/R = -0"/0 = separation constant = A
So PR"+ R -AR =0
and 6” +16 = 0

The separation constant, A, can take on three possible cases -- such as

A=20,A>0, and A < 0. You need to evaluate each case.

Example: Consider steady state heat conduction in a semicircular plate of radius a shown
below. The temperature along the edge, y = 0, u(X, 0) = 0 and the temperature distribution

along the edge,y = b, is u(x, b) = f(x). See the figure below.

R’0 + (I/r)R'6 + (1/)RO” = 0 1)
u,0) = u@,n) = 0

u(a, 0) = f(6) (prescribed temperature distribution on r = a)

Steady-state Temperature Distribution in a
Thin Semi-circular Plate

u = u(r,0) = temperature distribution




Strategy: Separate the variables by assuming u(r,0) = R(r) 0 (0), by putting this expression
into eq. 1 above. The result is:

(r’R" + tR')/R = -0"/0 = separation constant = A
So rPR"+rR' - AR =0
and 6 +10 = 0

The separation constant, A, can take on three possible cases -- such as
A =0 A>0, and A < 0. You need to evaluate each case.

Note that the boundary conditions are: 0() =6(m) =0
Strategy: Start with the eigenvalue problem: 0" + 20 =0

and examine the three possible cases for the eigenvalues of A as
shown in the table below.

Casel: L =0 0" =0 or 0(0)=A0+B
So 6(0)=B and () = An =0 So A=0

Result: There are no eigenvalues for this case.

Case2: A <0 A=-0®>and0"-0260=0

0(0) = Acoshad B sinh 00

06(0)=0= A and O6(n) = 0 = Bsinhon
Since a# 0 and sinhomw # 0  Therefore

B = 0 and there are no eigenvalues for this case.

Case3: >0 A= o® and 0"+ 0260 =0
0(0) = Acosab + B sinaf
6(0)=A and O(m) =0 = Bsinan
For a nontrivial solution B# 0. So sinow = 0 and ont = nn

Therefore an = n and the eigenvalues for this case are A, = n?

with associated eigenfunctions 6, = sin nf




So rPFR" +rR' - n? R =0
Note that this differential equation has variable coefficients. So assume
R(r) = r* and substitute into the differential equation .
Note: R' = kr*! and R" = k(k-1)rrk?
So [k(k-1) + k - n2 ]r€ = 0
Sine < £ 0 k2 -n2=0 and k =+ n which yields
R() = Cr" + Dr-" and for a continuous solutionat r = 0 D must be zero.

Therefore

Ro(f) = Cat™ and un(r, 0) = Ra(r) 0, (0)

o0 (e 0]
So u((r,0 = Y Rua()0n(0) =3 Chr" sinnd
n=1 n=1
o0 0
Now u(a,0) = f(6) = > C,a" sinn® = ) bnsinnb
n=1 n=1
T
where b, = (2/n) | f(0) sinnb dO
0

By comparing terms C,a" = by

s
S0 n = bo/a" = (2/ma") | f(0) sin no do
0
and finally
[00]
u(r,0) = > Cp r" sinnf
n=1

Example  Heat Conduction in a Semi-Infinite Plate

Consider steady state heat conduction in the semi-infinite plate shown below with
edges x = 0 and x = a insulated and with the temperature distribution along the bottom
edge of the plate also specified. Solve for the temperature distribution in the plate.
So Uxx + Uyy = 0 (1)

ux(0,y) = ux(a,y) = 0 and u(x, 0) = f(x)




Steady-state Temperature Distribution in a
Thin Semi-infinite Plate

u = u(x,y) = temperature distribution
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specified temperature on bottom edge
u(x,0) = f(x)

Separate variables by assuming u(X,y) = X(x)Y(y) and by putting this
expression into eq. 1 above. Then divide by XY.

-X /X = Y /Y = separation constant = A
So X7 +AX =0 and Y”-LAY =0

The separation constant, A, can take on three possible cases -- such as
A =0, A <0, and A > 0. You need to evaluate each case.

Note that the boundary conditions are :
X' =X"@@=0

So start with the equation X + A X =0




So for Case 1 A=0 X”= 0 or X(x) = Ax + B

So X'0=0=A and X'(@ =0 So X(xX)=B

and L = 0 isan eigenvalue with associated eigenvector X.(x) = B

ForCase2 L <0 A=-a2 and 07 - o020 =0

X (X) = A cosh ox + B sinh aX X'(0)=0=Ba and a#0 so B=0
X'(a) = 0 = Ao sinhoa Since o # 0 and sinh aa # 0
Therefore A = 0 and there are no eigenvalues associated with this case.
ForCase3 A >0 )\ =o? 0"+ 0?20 =0

X (xX) = Acosax + BsinaX

X'(0) =0 = Bo Since 00 B= 0
and X'(@a) = 0= -Aasinoca
For a nontrivial solution A # 0. So sinoca = 0 and @ = nn
Therefore on = nm/a and the eigenvalues for this case are Ay = n?m?/ a?

with associated eigenfunctions X n(X) = cos nmx/a

Next continue with the solution for Yn(y) using the eigenvalues already determined.

ForCasel A =0 Y’(y) =0

Y(y) =Cy + D and C=0 for Y(y) to be bounded as y — o

So for A =0 Yo(y) = D

and Uo(X,y) = Xo(X)yo(y) = (B)(D) = Co

Now for Case 3 A =on’ = (nw/a)®>  Y’(y) - (nm/a)® Y(y) = 0

With the general solution  Y(y) =C exp[nmy/a]+ D exp[ - nmy/a]







