Overview of Boundary Value Applications

In a Nut Shell: There are three common boundary value applications that lend themselves
to analysis under the assumption of separation of variables. In addition, suppose each of them

have homogeneous boundary conditions. The applications include:

Application Governing PDE

Heat conduction n a thin rod ou/ot = k o~u/ox?

Vibrations of a string otu/ot? = k o0%u/ox?

Heat conduction in a plate 0%u/ox? + k %u/oy? = 0

Heat Conduction in a Thin Rod

u = u(x,t) = temperature distribution
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Steady-state Temperature Distribution in a Thin Plate

g U= u(x,y) = temperature distribution
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In a Nut Shell: The figures below display the two commaon types of homogeneous

boundary conditions for each application.

Heat Conduction in a Thin Rod
u = u(x,t) = temperature distribution
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uy(0,t) =0 uLt) =0
u(0,t) =0 and u(L,t) = 0 specified temperatures at ends of thin rod
ux(0,t) = 0 and ux(L,t) = 0 ends of rod are insulated
Vibration of a String
u = u(xt) = displacement of string
/—‘ u(x,t)
X
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u(0,t)=0 ulLt) =0
or or
uX(O,t) =0 u (Lt)=0

u(0,t) =0 and u(L,t) = 0 specified displacements at each end
ux(0,t) = 0 and ux(L,t) = 0 specified gradient of displacement at each end




y Heat Conduction in Plate
' u = u(xy) = temperature distribution

u(0,) = o}< a >| u@t) =0

or
uX(O,t) =0

u(0,t) =0 and u(a,t) = 0 specified temperatures at ends of thin plate
ux(0,t) = 0 and ux(a,t) = 0 ends of thin plate are insulated

In a Nut Shell: Homogeneous boundary conditions determine the related eigenvalues
and eigenvectors for the applications of heat conduction in a rod, of vibrations of a string,
and of heat conduction in a plate. The table below provides a summary. Note the
similarity in each individual application.

| Heat Conduction in a Rod of Length, L |

For the homogeneous boundary conditions:
u(O,t)=0and u(L,t)=0 specified temperatures at ends of thin rod

Expect eigenvalues, = n?n?/L? and eigenvectors, Xn(x)= sin(nmx/L)

For the homogeneous boundary conditions:
ux(0,t) = 0 and ux(L,t) =0 ends of rod are insulated

Expect eigenvalues, A, = n?m?/L2 and eigenvectors, Xo(x) =1 and Xa(X) = cos(nmx/L)

| Vibration of a String of Length, L |

For the homogeneous boundary conditions:
u(O,t)=0and u(L,t)=0 specified displacements at ends of string

Expect eigenvalues, A, = n?z?/L? and eigenvectors, Xn(X) (x) = sin(nmx/L)

For the homogeneous boundary conditions:
ux(0,t) = 0 and ux(L,t) =0 specified gradients at ends of string

Expect eigenvalues, A, = n?m%/L? and eigenvectors, Xo(x) =1 and Xn(X) = cos(nmx/L)




| For Heat Conduction in a Plate with dimensions aby b |

For the homogeneous boundary conditions:
u(0,y) =0and u(a,y) =0 temperatures at ends of the plate x=0 and x=a are zero

Expect eigenvalues, A= n?r?/a? and eigenvectors, Xn(X) = sin(nmx/a)

For the homogeneous boundary conditions:
ux(0,y) =0 and ux(a,y) =0 ends of the plate at x=0 and x=a are insulated

Expect eigenvalues, A, = n?m?/a? and eigenvectors, Xo(X) =1 and Xa(X) (x) = cos(nmx/a)

Note: If the homogeneous bc's are on the boundaries y= 0 and y = b, then similar
expectations result except exchange b for a with a plate of dimensions aby b .




